Abstract. In this paper, a new variable-coefficient AKNS (vcAKNS) hierarchy is derived from the associated with linear spectral problem and its time evolution equation. The derived vcAKNS hierarchy is a solvable mixed hierarchy which contains isospectral nonlinear partial differential equations (PDEs) and nonisospectral nonlinear PDEs. To exactly solve the vcAKNS hierarchy, inverse scattering transform method is employed. Based on a systematic analysis, the formulae of exact solutions of the vcAKNS hierarchy are obtained. In the case of reflectionless potentials, the obtained exact solutions are reduced to n-soliton solutions.
Introduction
As we know that nonlinear phenomena involved in many fields including physics, biology, chemistry, mechanics are often related to nonlinear PDEs. Constructing nonlinear PDEs or solving nonlinear PDEs plays an important role in the study of these nonlinear phenomena. Recently, Zhang and Gao [1] derived a mixed AKNS hierarchy from the corresponding linear isospectral problem and its evolution equation. It is shown in [1] that the AKNS spectral problem being nonisospectral is not a necessary condition to construct a nonisospectral AKNS hierarchy. In this paper, starting a linear nonisospectral problem and its evolution equation we construct the following mixed vcAKNS hierarchy 
2, ; 0,1, 2, ) m n = =  , (1) which is more general that the one in [1] because when ( ) 0 t t = and 0 n = Eq. (1) becomes the mixed AKNS hierarchy [1] . The operator L in Eq. (1) 
In nonlinear mathematical physics, the inverse scattering transform (IST) [2] proposed by Gardner, Greene, Kruskal and Miura has achieved considerable development and received a wide range of applications like those in [3] . One of the advantages of the IST is that it can solve a whole hierarchy of nonlinear PDEs associated with a certain spectral problem. The present paper will employ the IST to solve Eq. (1) exactly.
Derivation of vcAKNS hierarchy
Firstly, let us consider a new and more general AKNS spectral problem [1] 
and the time evolution
where 
If N in Eq. (3) satisfies the boundary condition:
is an arbitrary function of t , then from Eq. (4) we obtain
Supposing that
we have
and hence obtain the vcAKNS hierarchy (1).
Exact Solutions
is a solution of Eq. (2) as well. Lemma 2 [3] : Suppose that 
for the spectral problem (2) possess the following time dependence x k φ which also satisfies Eq. (2) but is independent of ( , ) x k φ , i.e., there exist two functions ( , ) t k γ and ( , ) φ k φ k yields:
Supposing ( , ) j x φ k to be the normalization eigenfunction and further integrating Eq. (21) with respect to x from −∞ to +∞ , then noting that
For convenience, we rewrite Eq. (22)
where the following inner product is employed
for arbitrary two vectors Using the spectral problem (2), we have
( , ) ( ) ( , ) ( ) ( , )
from which we derive
and then obtain
In the other hand,
then we obtain ( )
Further using the results
from Eq. (29) we have 1 (2 ( )) ( ) + 2 2 n j t i t a n t a
where we have used
Thus, Eq. (20) reads
Noting that
i t t x i t a i t x b t x N t i t t x i t a i t x b t x
as x → +∞ , then we derive that
In a similar way, we have
Then the proof is end. Theorem 2: Given the scattering data (15) and (16) for the spectral problem (2) , we can obtain exact solutions of the vcAKNS hierarchy (1):
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